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we substitute into it the expressions

¢ . 1
Cos @ = Vm » SinQ=—7g—7—, 6052]";):}{9(

Y1

t+i)k

t—i

Formula (5.8) may be rewritten in the form

oo oo
1 ——
H=_2 ]2k (ﬁz) Sk (yvz)y S°=E!— S X(Z+yt)tj-+x1( z ¥) dt

k=0 —c0

T (¢4 -2
Sy 2)=-5Re S x(z+vt)mm

—c0

dt, k>1

Using the theory of residues to evaluate the integrals, we obtain (2.3).
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LONG-WAVE THERMOCAPILLARY CONVECTION IN LAYERS WITH DEFORMABLE INTERFACES*

A.A. NEPOMNYASHCHII and I.B. SIMANOVSKII

Using non-linear equations describing finite-amplitude deformation of
the interfaces /1/ of a system of horizontal immiscible liquid layers,
long-wave convective flows are studied for nearly critical Marangoni
numbers. The distortion of the interfaces is assumed to be weak.

Approximate evolution equations are obtained for the deformation of the

interfaces. Analytic solutions describing the stationary surface
profile for thermocapillary convection are found, and their stability is
investigated.

1. Suppose two horizontal solid plates (z=0,z=a) are maintained at constant and
different temperatures, (the temperature difference being equal to 0), and that the space
between the plates is filled with two immiscible liquid layers. 1In equilibrium the thickness
of the lower (second) layer is equal to Ha, and that of the higher (first) layer is (1 — H)a;
0<< H<1. The densities of the media, the coefficients of dynamic and kinematic viscosity,
and the thermal conductivity and thermal diffusivity are equal to Pm, Mm) Vm %¥m» and ¥, (m =1
for the upper layer and m = 2 for the lower layer). The surface tension ¢ depends linearly
on temperature I: o = 0o (1 — aT).

As units of length, time, velocity, pressure and temperature we take a, a?/v,, v,/a, pv,/a®
and 0 respectively. In dimensionless variables the convection equations and boundary con-
ditions are written in the form

#prikl.Matem.Mekhan. ,54,4,593-600,1990
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Dy, = —Vp, + A%, divs, =0, D;T, = PAT, (1.1)
D5, = —0oVp, + v1A5,, div, =0, D,T, = (xP)! AT,
z=1: 7,=0, T, =0; 2.=0: 7=0, Ty=5
z=H 4 h py—py+ RV (W — MT) 4 Gh = Synyny
Six Ty — Mv®aT,/oz; = 0
vy = v, OR/Gt + 11, 0R/0z + v OhIFY = v,

Ty =Ty (%0T,/0x; — 8T 3/0z) ny = 0
. a — aba oa
p=2t, g=ATloh) oy, W=t
Dp = 6l0t 4 vV, m =1, 2
Six = (0vy/0xy + 003/07;) — N7 (Fvgy/ By + 0V, /07y,

Here UmsPm and T, are the velocity, pressure and temperature in the m-th liquid, (the
pressure is measured relative to the hydrostatic pressure), h is the displacement of the inter-
face, n is the vector normal to the surface, ¥ (l=1,2) are orthogonal tangent vectors, R
is the radius of curvature of the surface, P is the Prandtl number, ¢ is the modified Galileo
number, M is an analogue of Marangoni's number, and the parameter s is equal to 1 for heating
from below and -1 for heating from above.

When writing down the boundary-value problem (1.1) it was assumed that the Galileo
numbers Gpm = gan’/v2(m = 1,2) are of the order of unity, and that the gquantities BPmd
(where P, is the coefficient of thermal expansion in the m-th liquid) are small. On this
basis the Archimedean buoyancy force terms proportional to the Grashof number Gr,, = Bn0Gn
are omitted.

The boundary-value problem (l1.1) always has the solution

T =s(1 —2)I7, Tze>:s[(1—H)%—u(H—z)]I"1 (I =(1— H)4 xH)
vf=0, 0,° =0, pf=0, p, =0, k*=0

corresponding to mechanical equilibrium.
The equilibrium can become unstable as M increases for some method of heating. In the
long-wave domain the neutral curve is given by the expression /2/

M (k) = M, + Nk* (1.2)

The threshold value M (0) =M, and the heating method (the sign of s) for which long-
wave instability occurs is given by the formula

sM, = *,Gu ' IPJKH (1 — H) (1.3)
J =1t — H) + nH], K = [(1 — H} — qH*

It can be seen that in the range 0< H <<H,=1/(1+ V1) the instability appears for
heating from below, and in the range H, < H <1 for heating from above. Within these ranges,
and depending on the values of the parameters % and 1, the derivative M,/ =dMJ/dH is
either sign-constant or changes sign at the points H = H; and H = H, The region of the
%,m plane in which the function M,(H) is non-monotonic (Fig.l, curve I) consists of two
subregions. One of them is shown by the hatched area on Fig.2 (¥, = 2/3, Nm =~ 0.1593); the
other subregion is obtained by the transformation =« -—1/%, 1 — 1/n. If the parameters % and
1 lie on the boundary of the hatched region, the dependence of M, on H has a point of in-
flection (Fig.l, curve 2), at which both the derivatives M, and M, vanish. Outside the
hatched region M, has no extrema and MC >0 for all H (Fig.l, curve 3).
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The quantity

N =My — 1) IHA — H (1 —2H) + Y, [n(1 — H) + (1.4)
HIJH- (1 — H) + s (1 — ) KH*(1 — H)® 4~ WG +
Y312eGPNEKH? (1 — HP® [(1 — H)? — yH?]}

can be either positive or negative, depending on the parameters of the system. In the latter
case, however, long-wave perturbations are known not to be as dangerous, and so henceforth we
shall consider the case N > 0.

2. Long-wave instability of the equilibrium leads to the development of thermocapillary
flow, in which the amplitude of the distortion of the interface is, in general, of the order
of the layer's thickness. This results in a rather complicated form for the governing
equations /1/, the analysis of which is made more difficult.

We shall restrict ourselves to studying long-wave thermocapillary convection in the
immediate neighbourhood of the threshold Marangoni number and for small displacements of the
interface h. 1In this case the investigation of problem (1.1) is simplified.

Put M =M, + eM® 2.1)

where & is a small parameter. We will assume the quantities W and G to be of the order of
unity. According to (1.2) our principal interest (N >>0) is in growing or weakly damped

perturbations with wave numbers % ~ ¢e'». and so it is advisable to perform a scale trans-
formation 7= e, § = ey 2.2)

We will use the evolution time-scale for long-wave perturbations
T =gt (2.3}
We restrict ourselves to considering adisplacement h of the interface of order ¢ We
make the change of variables

h==¢h, T'p="Ty+ b, pn==cPy (2.4)
Uy = Uy, vy =WV, w, =W, (m =1, 2)

(where u, v, w denote the x-, y- and z-components of the velocity). The function &, 8, P,,
Upo Vo and W,, are expanded in powers of &:
h = h® 4 eh® + | (2.5)
and similarly for the other variables.
We substitute (2.1)-(2.5) into the full non-linear convection Egs.(1.1) and equate terms
of the same order in e.
To lowest order in & the solution has the form

8, = hO4, (z — 1), P,® = hOB, (2.6)

© _ op® (z —1)2 (1—H)(z—1)
Ui'=——58 7+ 3

W{O) — Azh(o)Bl [_ (z—6 1) L (1— H)ﬁ(z__ 1)2 :’
0,0 = hOd,z, P = hOB,

— n® 2 H 3
00 () W= dons, (4 2

Ay =sw—1)I% B, =GnKH*, A, =su (x — 1) I"%, B, = GK (1 — H)%;
R, = 3*/05% + 8%/85°

The expression for Vn,® is obtained from the formulae for U,® by changing 8/9z
to 4/0§j. To lowest order the function h® (z, 7, {) remains arbitrary.

From the conditions for the system of equations of next order in & to be solvable we
obtain an evolution equation for the function h©®, which reduces to the form

BORO®/E = —MMAR® = NAZR® + 3/, M A, (h®)? 2.7
B =2\ \PK K+ 4nH (1 — H)I H* (1 — H)™?

Note that B is always positive, because, according to {1.3), the quantities s and X have
the same sign. We recall that N is assumed to be positive, because in the opposite case long-
wave perturbations are known not to be as dangerous (see formula (1.2)). As was remarked in
Sect.l, everywhere except for discrete values of the parameter, H = H,, (Fig.2). Here we
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assume that M, 0; the case M/ =0 will be considered in Sect.3.
We introduce new variables

i . 7

- M’
AR P 29

Then (2.6) reduces to the form
dZldt + AZ2Z + MWAZ + A, (zy*=0 (2.9)

A one-dimensional version of an equation like (2.9) was obtained in /3/ when investigating
long-wave convective motions in anomalous thermocapillary situations.

We consider stationary one-dimensional flow regimes (Z= Z (X)) for which (2.9) takes
the form

The quantity Z is proportional to the displacement of the profile height from the mean
position, and therefore satisfies the relation

£l

{ zax =0 2.11)

—00

Problem (2.10) has a family of periodic solutions

(1) _ —
Z(X)y=— M2 — 23(1;” A+ 1q, £ Adn (2.12)
_ 33V _ Va . 9.13
A=sErrEgrm > = XX @-13)

where dn% is a Jacobi elliptic function with modulus g, E{(g) and K (g) are complete
elliptic integrals, and X, is an arbitrary constant. the spatial period of the function

Z(X) i -
(X) is L = 2a/k, k = o/ A6 [gK ()] 2.14)

We first consider the region MOL>0 (i.e. M >M). The condition A4 >0 is
satisfied in this region when 0<¢<Cgq,, where ¢, =~ 0.98038. The dependence of the profile
amplitude A4 on the wave number k, specified by the parametric formulae (2.14) and (2.15), is
shown in Fig.3 (the broken curve 1). Branching occurs in the stable equilibrium region
k>k, = [M®]/:; hence the stationary solutions of (2.11) are unstable. In the space of func-
tions of prescribed period such a solution corresponds to a saddle point, whose stable manifold
separates the regions of decaying and growing finite amplitude perturbations imposed on the
equilibrium state.

The dependence of the parameter ¢ on k is shown in Fig.3, (the solid curve 1). We
remark that even for small deviations k away from unity, the parameter ¢ rapidly approaches
g,» SO that the stationary profile is strongly non-sinusoidal.
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For MM =0 (M = M,), solution (2.12) satisfies condition (2.11) irrespective of the
magnitude of 4 if g¢g=g¢, (the solid curve 2 in Fig.3); in this case we have

4 =6 (g,K (q,)/n)k

{the broken curve 2 in Fig.3).
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In the subcritical region MM < 0 (M < M,), solution (2.12) exists for all values of
the wave number k, with g, <C¢<(1. The dependence of the amplitude A and the parameter ¢
on the wave number k is shown in Fig.3 by the broken and solid curves 3 respectively. The
minimum value of A is reached when k— 0 (g->1) for the solution

Z =%y | M [ b (Y | M [4X)

The amplitude 4, which determines the boundary of unstable equilibrium with respect to
finite perturbations, increases rapidly as k increases, and because ¢ stays close to unity,
the form of the neutral finite-amplitude perturbation is strongly non-sinusoidal and resembles
a chain of solitary waves. These properties would appear to explain the fact that finite-
amplitude instability of eguilibrium was not observed in numerical experiments /3/ when
spatially periodic pertubations were imposed, while at the same time such instability was
indeed observed for perturbations in the form of solitary waves.

Two-dimensional stationary solutions of (2.9) have not been constructed in analytic form.
We will confine ourselves to analysing the branching of two-dimensional spatially periodic
solutions in the form of rectangular and hexagonal cells for M® >0 in the neighbourhood
of k ==k, For rectangular cells a series expansion of (2.9) with respect to the amplitude
gives the following approximate expression:

Z =la (89 (k — k) kJ7cos kYT — X cos SEY + O (k — k,)
43 (3 — 48% {1 —48% [

Sy S = sino

a{8% =

Here ¢ is the angle between the basis wave vectors of the rectangular structure. For
@ << 60° the branching is mild, but for ¢ >60° it is severe. For a hexagonal structure
the branching has a two-sided character:

€os

Z=2(h—ky (cos kX + Zeos k;Y

UE) zzy) +olk—k,)

As has already been noted, the stationary solution determines the threshold of equilibrium
stability with respect to finite amplitude perturbations. It is clear that for small k — &,
the amplitude of a finite perturbation in the form of hexagonal cells, leading to an instability
of the equilibrium, is much smaller than the amplitude of the corresponding perturbation in
the form of rollers.

3. We now consider the case when M/ = . As was noted in Sect.l, this can arise for
certain values H = H,, if the parameters 7 and x lie inside specified domains. We assume
that instead of (2.1)

=R, Tm=Tn + &8y, pn =Py

Uy = U, Uy = &V, wy = W,

and expand the variables as power series in ¢'. In the zeroth order we again obtain solution
(2.6); the condition of solvability of the order e+ problem reduces to M, =0. Finally, at
order ¢ we obtain the evolution equation for h®:

{6}
B2 = — MOAL® — NAAY + -+ MB, (RO @3.1)

where the guantities B, M® and N are the same as in {2.7).

We restrict ourselve to the case M, >0, which corresponds to the minimum point H = H,
of the dependence of M, on H; in the other case the stationary solution is unstable, as for
M/ 0. We make a change of variables in the first three formulae in (2.8), and put

Z = (M M) (3.2)
Then (3.1) takes the form of the Cahn-Hilliard equation (see e.g. /4/):
8Z/ot + APZ + MWAZ — AZ8 =0 (3.3}

Bounded solutions satisfying condition (2.11) are of some interest. In the region M® <0
the equation has no non-zero solutions. For M® >0 one can construct a family of spatially
periodic motions in the form of rollers

s (3w [ ], 0o
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{q is the modulus of the Jacobi elliptic function) with period

[ _( MO )x/. - (3.5)
LA VE WA 4 0)

It is known /4-6/ that the only stable stationary solutions of (3.3) are the non-periodic
solutions
Z = (MY th [(,MO): (X — X )] (3.6)

A solution of type (3.6) is a stationary "step" sustained by a convective vortex centred
on X = X,. At large distances from the step the respective thicknesses of the lower layer
are given by the expression

Hy = Hy 4 (6 (M — M. (H,))/M.")):

Noting that for values of H close to H, the function M (H) is approximately described
by the formula

M, (H) = M, (Hy) + "hM." (H — Hy)

one can verify that M << M, (H.). Hence this convection instability does not develop far
from the step.

B solution of type (3.4) for small k is a collective of steps separated from one another.
Although such structures are unstable, the growth increment of perturbations for motion with
k/k,<Z1 1is exponentially small, so that the process of disruption of such a structure can
be very prolonged.

4. Special consideration is required in the case |H — H, |~ &/:, for which M, =M/
(H — Hy) ~ ¢/ and the guadratic and cubic terms are of the same order in the evolution
equation for the displacement of the surface:

BOhOVIT —= —MWARO — NA2RO £ 1/,M "HOARO2 | (4.1)
Y M AR, HO = (H — H,)le'

(where the notation is the same as in (3.1)). Changing variables in the first three formulae
in (2.9) and assuming

Z = (Y M, (RO -+ H®)
we reduce (4.1) to the form

ZI0v + ARZ - MOVAZL — A, (23 =0 4.2)
MW = MO + Y M/ H®? = (M — M, (H,)) /¢

The conservation condition for the mean thicknesses of both liquid layers gives, instead
of (2.11),

L
s 1 _ 7 Mc’ % (0 4
}‘HZ—ZL—_SLZdX—Z, z:( ) n 4.3)

For stationary one-dimensional solutions we have
d&PZ/dX* + MVZ — 23 =CX + D (4.4)

where ¢ and D are constants. From the boundedness condition on the solution as X — 4-0© we
must put € =0. It is clear that finding stationary convective structures is formally
equivalent to the problem of non-linear oscillations of a particle with potential energy

U (2) = Y,MWZ? — Y,Z* — DZ

(the role of time is played by the X coordinate). Bounded solutions for Z 0 exist in
the region of values of the parameter

M® >0, 0< D << 2 (Y, /W)

in which the potential U (Z) has the form shown in Fig.4. Of course, for fixed M® and D
the problem has a family of periodic solutions for which the quantity g — 1, (dZ/dX)? + U (Z)
lies in the interval E_ << E << E,, and an aperiodic solution with E = E,. These soltuions
can be expressed in terms of elliptic functions /4/. We remark that all solutions with Z =0
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are non-monotonic, unlike (3.6).

All the above-mentioned solutions are, however, unstable. This conclusion follows from
the results of /5/, according to which the signs of the increments of normal perturbations,
given by the boundary-value problem

o + A+ ATPAY — 38, (Z) =0, lim ||
Xt
are identical with the signs of the eigenvalues of the problem
AD + (M —32%) @ = o, lig | @] < 00 (4.5)
Xt

Because problem (4.5) always possesses sign-varying solutions
® =dZ/idX, 0 =0

the maximum value 0 = Opax is non-degenerate and corresponds to a sign-constant eigenfunction,
from which it follows that op,x > 0.

In practice, however, the layers always have a finite length. It can be shown that the
presence of hard thermally insulating side walls at X = 4L imposes the boundary conditions

X = +L: 82/6X = 82/6X* = 0 (4.6)

For L>1 and Z<[M®]/ problem (4.4), (4.6) possesses two monotonic solutions
which can with exponential precision be written in the form (3.6) (with M® replaced by
M®), where X,=FLZ. This solution is stable, as is also the case for Z =0.

Thus the stationary profile has the form of a step and exists in the domain M > M, (H,) +
YM." (H — H,)2
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